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THE ASYMPTOTIC BEHAVIOR OF THE FIRST EIGENVALUE
OF DIFFERENTIAL OPERATORS
DEGENERATING ON THE BOUNDARY(")

BY
ALLEN DEVINATZ AND AVNER FRIEDMAN

ABSTRACT. When L is a second order ordinary or elliptic differential
operator, the principal eigenvalue for the Dirichlet problem and the corre-
sponding principal (positive) eigenfunction u are known to exist and u is
unique up to normalization. If further L has the form eZa,d2/dx,3x; +
3 b,3/3x; then results are known regarding the behavior of the principal
eigenvalue A = A, as &/0. These results are very sharp in case the vector (b))
has a unique asymptotically stable point in the domain w where the
eigenvalue problem is considered. In this paper the case where L is an
ordinary differential operator degenerating on the boundary of  is consid-
ered. Existence and uniqueness of a principal eigenvalue and eigenfunction
are proved and results on the behavior of A, as e0 are established.

Introduction. The eigenvalue problem

d’u -2y o
ex(1 x);,;+,8x(l—x)(x x)dx— Au, 0<x<1,B<0,

@ u(0) = u(1) =0,

where X is a fixed point in (0,1), arises in a group of problems in genetics (see
[6]). It is required to obtain asymptotic estimates for the minimum eigenvalue
A, asel0.

If a second order ordinary differential operator is regular, i.e., if the leading
coefficient of the differential operator does not vanish in the closed interval
[0,1], then it is standard knowledge that the minimum eigenvalue exists, is
positive and simple, and there is a corresponding eigenfunction (unique up to
normalization) which is in C2[0,1] and is positive in (0,1). However, the
leading coefficient of the operator in (1) degenerates at the boundary of [0,1]
and it is not at all clear that a minimum eigenvalue exists, and if it does exist
Jjust what smoothness properties a corresponding eigenfunction has in [0,1].
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Disregarding these questions, G. F. Miller [6] gives an asymptotic estimate for
A, as ¢ > 0 by techniques which may require further justification in order to
satisfy the tenets of rigorous mathematics.

In this paper we shall give a complete analysis of a large class of eigenvalue
problems which includes (1) as a special case. We shall show that if the order
of degeneracy at the boundary of [0,1] of the leading coefficient of the
differential operator is not too large, then all of the spectral properties for
regular eigenvalue problems carry over. Further we shall give a rigorous
derivation of the asymptotic estimate for A, as ¢ — 0.

The techniques developed in this paper carry over to the investigation of
eigenvalue problems for a certain class of elliptic partial differential operators
whose fundamental forms may degenerate at the boundary of the domain of
definition. (See Remark at the end of §4.)

Finally we note that a paper of D. Ludwig [5] drew our attention to these
problems, and we refer the reader to that paper for further examples and
discussion. Other examples may be found in a paper of Fleming and Tsai [2].

I. Existence. Let
(1.1) Lu= a(x)u” + b(x)w’, x€[0,1].
As mentioned in the introduction, it is a well-known result of the theory of
positive operators [4], that if the coefficients a(x) and b(x) are continuously

differentiable and a(x) > 0 on [0,1], then there is a smallest positive number
A so that the eigenvalue problem

(1.2) Lu= -\, x€(01), u0)=u(l)=0,

has a solution u, which is positive in (0,1), and furthermore the eigenvalue A is
simple. This number A is called the principal eigenvalue of the problem (1.2)
and a corresponding positive eigenfunction, which is unique up to normaliza-
tion, is called a principal eigenfunction.

In case the coefficient a(x) degenerates at the boundary of [0, 1], the
methods of [4] are no longer directly applicable. However, as we shall show,
one may use the method of elliptic regularization to establish the existence of
a principal pair (\,u). The purpose of this section is to establish the existence
of a likely candidate for a principal pair. Then in §2 we shall, by means of
uniqueness results, show that the candidate which we have constructed is
actually a principal pair for a degenerate eigenvalue problem of the form
(1.2). We shall then bring this all together by means of formal statements in
§3.

We shall make the following assumptions on the coefficients of the opera-
tor L in (1.1):
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a,b € C'(0,1),
a(x) >0 in(01),
a(x) b(x)

T -->a0>0, 7

—)bo asx-—>0,

(1.3)

'—)bl asx‘—)l,

0< a,a’' <2, B,B’ > 0,
a<l+B a<I1+p.
THEOREM 1.1. Let the assumptions (1.3) hold. Then there exist a\ > 0 and a

solution u(x) of (1.2) such that u(x) > 0 in the open interval (0,1) and u(x) is
Hélder continuous with exponent } in the closed interval [0,1].

Proor. We shall find it convenient here, as well as in the remainder of §1,
to convert the eigenvalue problem (1.2) into an eigenvalue problem in a
slightly different, but equivalent, form. Toward this end we introduce the
function

x b(t
p(x)= expj‘; ;% dt.

Sincea < 1 + B,a’ <1+ B, the last integral exists and is continuous in the
closed interval [0,1]. Also

P'(x) =[b(x)/a(x)]p(x), x €O
If we multiply the equation in (1.2) by p/a, we get the eigenvalue problem
(1.4) (pu'y = =XNp/a)u, x€(O1), u0)=u(l)=0.
Let0 < n < 1andlet
b(1)
a(f) +n

x
Py(x) = exp j;

Consider the eigenvalue problem

.5 (pw) =-Ap,/(@a+m)]u, x€(01), u0)=u(l)=0.

This is an eigenvalue problem for a nondegenerate elliptic operator; i.e.,

(16) Lu=(a+nu" +bu'=-A, x€(01), u(0)=u(l)=0.

Therefore by [4] a principal pair (A,u4,) exists and u, is unique up to
normalization. We normalize it by

2

1 pyu
17 Pty _
(1.7) foa+n 1.
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If we replace u by », and A by A, in (1.5) and then multiply by u, we get,
after integrating over [0,1],

1 \2 1 Py
(1.8) fOPn(“n) =7\.fo T =M
In order to proceed with the proof we shall need
LEMMA 1.2. A, is bounded for 0 < n < 1.

Let us assume, for the moment, that this is true and return to the proof of
Theorem 1.1. In the sequel we shall use C as a generic positive constant,
independent of #n, which does not necessarily take the same value at each

occurrence.
Using (1.7), (1.8) and Lemma 1.2, and the fact that p, > C we conclude
that

12
19 'Y< C.
(19 J, @)
We also have

X
u,(x) = fo u (1) dt,
so that
(%) < x fo () di< Cx

by (1.9). Thus

(1.10) u,(x) < CVx .
Since p,(x) < C, for all sufficiently small positive §, independent of »,
2
8 Py, L 1
11 l-a 2-a ~ 1
(1.11) -/(;a+ﬂ<c-/(;x dx< €8 < 7.
Similarly we find
1.12) u,(x) < CV1 - x,
2
L 1
(1.13) fn-aa+n<3

for all sufficiently small positive 8§, independent of 9. From (1.11) and (1.13)
we get

2
1-8 DU
(1.14) j; AL

a+n " 2
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for all sufficiently small 8, independent of 7.
From (1.9) and (1.10) and the fact that L u, = —A,u, it follows that, for
any0< 8§ <1,

1-8 5
u/|"< C.
JAT

Thus the sets {,} and {1}, 0 < n < 1, are equicontinuous and bounded in
[8,1 — &]. Thus from Lemma 1.2 and the Arzela-Ascoli theorem there exists a
sequence 1,, — 0 so that

A,h-—)}\,

(1.15) u, (x)— u(x) uniformly, with the first two derivatives,
in any compact subset of (0,1).

From (1.10) and (1.12) it is clear that u can be extended continuously to [0,1]
with #(0) = u(1) = 0 and indeed u is Holder continuous in [0,1] with expo-
nent 3. From these remarks and (1.15) it follows that u satisfies the boundary
value problem (1.2).

Taking n = 1,, —» 0 in (1.14) we get

1-8 pu®

(1.16) fs £ %

Consequently, u 2 0. Further u > 0, since u,(x) > 0 in (0,1). From the latter
fact about u, and Lu = —Au, we get Lu < 0in [0,1]. By (1.15) u € C%(0,1) so
that the strong maximum prinicple implies that either u takes its minimum
only at x = 0 or x = 1, or else # = 0. But as already pointed out the latter
cannot occur so that u(x) > 0 for x € (0,1).

Finally A > 0. Indeed, in the contrary case A = 0 so that Lu = 0 in (0,1).
But then the maximum principle implies # = 0, which is a contradiction.

The proof of Theorem 1.1 will be complete as soon as we have given the

PROOF OF LEMMA 1.2. By the comparison Lemma 2.2 of [1], or by a
standard argument involving the characterization of the minimum eigenvalue
of a positive selfadjoint operator on a Hilbert space, we have that A < iy
where p, is the principal eigenvalue for the Dirichlet problem for the elliptic
operator L, in any smaller interval, say [1/3,2/3]. In this interval L, (for
0 < 71 < 1) is uniformly elliptic (both in x and 7) and hence by the continuity
Lemma 3.1 of [1], w, — i, as 71— no. Hence p, is continuous for 0 < 7 < 1
and so is bounded. Since p, dominates A, we have completed the proof.

REMARK. If a < $ one can show that for every 0 < 8 < 1,

(1.17) u(x) < Cyx°.

Indeed, for x € [0,8] take w = Ax® where 48° = C8'/2, C being taken as in
(1.10). Then as is easily seen
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(1.18) (Pw) < =N[py/ (a+ )], x €[03],

provided Ax?~2 > Kx'/2~%in [0,8] for some suitable constant K. This can be

accomplished provided § is sufficiently small since $ — — a > 0. § and K

can be chosen independent of 7. Since (1.18) holds and w > u, at x = 0 and
x =, it follows from the maximum principle that u, (x) < w(x) in [0,6].
Letting n — O gives our assertion.

2. Uniqueness. In the following (A,u) is the pair whose existence is asserted
in Theorem 1.1

THEOREM 2.1. Suppose v € C[0,1] N C*O,1), v real, pv*/a is integrable
over [0,1), and for p. real
(2.1) Lv=—p, x€(01), v(0) = v(1) = 0.
Then p > A

Before we begin the proof it will be convenient to establish

LEMMA 2.2. Under the hypotheses of Theorem 2.1
1 Ip

2.2) v')*< =%
fo p(v)y< p fo 2

PROOF. Suppose x, and x, in (0,1) are consecutive zeros of v. Multiplying
the equation in (2.1) by pv/ a, integrating over [x,,x,], and then integrating by

parts gives
X2 PU
V) =M
j;l p( ) f

Hence, summing over the intervals determined by the consecutive zeros
would give (2.2) provided we could integrate by parts when x, = O or x, = 1.

Let us consider the case where x, = 0, x, = 1, and v > 0 in (0,1). Multiply-
ing the equation in (2.1) by pv/a, integrating over [y,,y,] 0 <y, <y, <1)
and then integrating by parts gives

[P (@)= PO a)o(r2) = PODT 00 + [ 2 i

»
Since v> 0 in (0, 1) and vanishes at the endpoints, there exist sequences
1,0 and y,,11 so that v'(y,,) > 0 and v'(y,,) < 0. Using this in the above
equality gives (2.2).

Since the cases where x;, = 0, x, < 1 or x, > 0, x, = 1 can be handled in a
similar way, we have concluded the proof.

PrOOF OF THEOREM 2.1. From (1.2) and (2.1) we have

(2.3) (pv') = —N(p/a)u,
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24) (po') = —p(p/a).

Let x, and x, be consecutive zeros of v. Without loss of generality we may
suppose v > 0 in (x,,x,). Multiply (2.3) by v, subtract it from (2.4) multiplied
by u and integrate over [x,x,]. If 0 < x, < x, < 1 we may integrate by parts
to get

2 ’ X p
P(x2)v (x2)u(x2) = P (x)u(x) = (A = ) [ o,
Xy
But since v > 0in (x,x,), v'(x;) < 0and v'(x,) > 0, so that
x P
(U fx '

If we suppose p < A we get a contradiction since puv/a > 0 in (x,,x,).

In case x; = 0 or x, = 1 we must be somewhat more careful since #’ and v’
may become unbounded at the endpoints. Suppose x, = 0 and x, = 1. Then
for 0 < y, <y, <1 we have

1y, ’ .Vz= _ )'zﬂ
[po'u — pu'v]y= (A u)j;l 5 uo.

Integrate with respect to y, over the interval (0,6) and then divide by 8 to get

uv< 0.

[po'u — pu'v](y,) — 1 8[1)0'“ - P“'U](.i'l) ,
8o
@3) 1 (5(» P
Now,

1/2 1/2
s|es|<§|fora] [ [2a]

Using Lemma 2.2 it follows in exactly the same way as the proof of (1.10)
that v(x) = O(Vx) as x »0. Thus it follows that [Sv?dy, = O(8?) as
8 — 0. Since ' is square integrable on [0,1] we get [5(u)? = o(1) as & — 0.

Thus we find
1|78 ,
EM) pu'v

Using exactly the same reasoning we also have

1|re
’g fo pvu

Returning to (2.5) and noting that J3¥p/a)uv is continuous at y, = 0 we
find, upon letting 8 — 0, that

-0 asd—-0.

-0 asé-0.
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[pos = o]0 = A= ) [ Z o

Integrating with respect to y, over [§,1 — §], dividing by 8, and then letting
& — 0 we obtain, by the same argument as before,

1 p
o=(;\—u)f0 ~un,

which is impossible if A > u.
If x, =0and x, < 1, or x; > 0 and x, = 1, then similar reasoning shows
that

_ (=2 Y
( [.L)j(; —uw<0 or (A u)fmauv<0,

which is a contradiction if A > p.

DEFINITION 2.3. A regular eigensolution of (2.1) is a solution which satisfies
the hypotheses of Theorem 2.1. The corresponding eigenvalue is called a regular
eigenvalue.

REMARK. Theorem 2.1 asserts that A is the smallest real regular eigenvalue.
If a,0’ <3 then we can assert more; namely that A is the smallest real
eigenvalue for the problem (2.1) where the eigenfunctions that are allowed
into the competition are only assumed to be in C[0,1] N C%(0,1). To see this
we suppose for definiteness that v > 0 in (0,1). Let n > 0 and let x, and y, be
zeros of w, = v — 7 so that w, > 0 in (x,,,) and x,0, y,11 as 7 —>0. As
before we have

(pwy) = —p(p/a)w, — pn(p/a), (pw') = —N(p/a)u.

Multiply the second equation by w, and subtract it from the first equation
multiplied by 4 and then integrate over [x,,,] to get

[pw,',u]i:= A - u)j;:"’—:iwnu— ;m‘/;:"isu.

The first integral on the right increases as 7 — 0 and, since a,a’ < 2, by the
remark at the end of §1, u(x) = O (x%(1 — x)?),0 < 8 < 1, so that the second
term on the right goes to zero as n — 0. Thus for all sufficiently small  the
right-hand side is positive if A > p. But since w;(x,) > 0 and w,(y,) <0, the
left-hand side is < 0, which is a contradiction.

THEOREM 2.4. In addition to the assumptions (1.3) assume that (x~Pb(x))’,
(x~%(x)) and (x~“a(x))” are bounded in (0O,c], 0 < ¢ < 1. Then all of the
real eigenvalues of the boundary value problem (2.1) are simple.

PROOF. Suppose p is a real eigenvalue and v, and v, are real linearly
independent eigenfunctions corresponding to p. For every 8§ > 0 there exists
a linear combination v = ¢,v, + ¢,v, such that v(§) = 0, and v 2 0 in [0,5].
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Thus v is a nontrivial solution to the boundary value problem
(2.6) Lv=—p, x€(08), 0v(0)=0v(8)=0.

We may assume that max v(x) > 0 in [0,6]. Then for every sufficiently
small positive n there exist numbers 0 < x, <y, < & such thatif w, = v -
n, then w,(x) > 0if x, < x < y,, and w,(x,) = w,(y,) = 0. Further x,| x, >
Oandy,1y, < & asn]0.

We have

awy + bwy = —pw, — .
Multiplying both sides by x ~*w, and integrating over [x,,y,] we get
.7 fy"x‘yaw,’,’wn+fy"x”“’bw,’,w= —ufy"x"’w:— unf”’x"w,,.
X,' X,' X“l x,,
We shall take y so that

(2.8) y<a<y+1<2, y#8-2
For notational convenience let us set d(x) = x ~%a(x), b(x) = x ~8b(x); then

fy"x"'aw,;’w,,= —f’v"(x"‘"’dwﬂ)’w,’,
] X3
L
Xy X

= — In, -y, "n2 l Infa=y5\7,,,2
fx" xa(wy) + 3 L (x*d)"wl.
Also

s yﬂx—‘{bw'w = — l In xﬂ_Yb'. 'wz.
L n 2 L, ( )
Substituting into (2.7) gives

fy"x‘Va(w,’,)2= —;— Ly"(x""ya")”w,f— -;- M(xEbyw?
2.9) " -

+u [ w24 g [P,

L] e

Sincea — y > 0anda — y — 1 < 0 we have

(x*7a)" = (a = )(a = y = Dx*""2[a(x) + O(x)]
<(@a—y)(a—y-Dx*"" ay+ 0(x)] <0

in (0,8) provided § is sufficiently small.
We shall need to use the inequality

- 4 Y, 2
(2.11) TPl —=— [Mwr(w), p#L
s frocy

(2.10)
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This is an immediate consequence of the equality
yq P- 2____ —_ 2 yvy p—] ’
L’x W} _—(p—l)./;‘x W, W,
and the Cauchy-Schwarz inequality.
Returning to the proof of Theorem 2.4 and noting that (xB-%Yy =
O(xP~*"and B — y — 1 # 1 we get from (2.11) that

@.12) [P ywE< € [T (g
Xy *n
Also since y < 1, we may apply (2.11) again to get

2.13) [rmia e[ wg)
X X
Using (2.10), (2.12) and (2.13) in (2.9) we get, provided § is sufficiently small,
%aofy"x“"(w,’,)2< ny"(x""'+I + xz"’)(w,’,)2+ pnfy"x“’w,,.
Xy Xy Xy
Noting that w; = v’ and y < 1, if we allow 7 — 0 we get
Lo [Pxer (@< Cf et 4 )
2 X0 X0
But since «a < 8+ 1 and a < 2, this is clearly a contradiction if & is
sufficiently small. The proof is complete.

3. The principal eigenvalue. In this section we shall assume, in addition to
(1.3), the conditions

 (x7Pb(x)), (x~%a(x)), and (x ~%a(x))”

are bounded functions in some interval (0,c].

3.1)

Recall that in §1 we called the smallest number A so that the eigenvalue
problem (1.2) has a solution the principal eigenvalue, and a corresponding
eigenfunction u, which is positive in (0,1), a principal eigenfunction. In
Definition 2.3 we defined a regular eigenfunction and eigenvalue.

THEOREM 3.1. Let (1.3) and (3.1) hold. Then there exists a unique regular
principal pair (\,u) so that [} pu’/a = 1, and u is Holder continuous on [0,1]
with exponent .

ProOF. Theorem 1.1 establishes the existence of a candidate (A\,u). If (A, %)
is another regular eigenpair, A real, then Theorem 2.1 shows that A > A. Thus
A is the smallest real regular eigenvalue for the problem (1.2). If, in addition,
# >0 in (0,1), then the same theorem shows that A > X, so that A =A.
Further, if [} pi?/a = 1, then Theorem 2.4 shows that u = 4.

In the proof of Theorem 1.1 we showed that there exists a sequence {7,,} so
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that A, > A, 4, —u. Actually the same method shows that from any
sequence {7, )} one may extract a subsequence {n,} so that A —A and
u, =@ >0in O1). If the u,, are normalized by fop,,mum/a = ], then by
uniqueness A = A, u = 4. Thus we have proved

COROLLARY 3.2. Under the assumptions (1.3), (3.1) and | ",p,,u,f/ (a+n)=1,
asn -0,

(3.2) N-A u(x)>u(x),  x€[0l].

Let 0 < x, < x, < 1 and consider the eigenvalue problem
3.3) Lu= —pu, x € (x;,x5), u(x;)=u(xy)=0.

Denote the regular principal eigenvalue by A(x,,x,). Denote by A, (x,,x,) the
principal eigenvalue corresponding to L, in [x),x,]. By the comparison
Lemma 2.2 of [1] we have A, < A, (x),x,). Let n — 0 and we have proved

COROLLARY 3.3. Under the assumptions (1.3) and (3.1),
(3.4 A < A(x},X3),

where N(x,,x,) is the regular principal eigenvalue for L with zero Dirichlet data
on the boundary of [x,,x,] C [0,1].

In order to obtain the asymptotic estimates of the next section it is
necessary to get a certain explicit form for the regular principal eigenvalue A
in terms of u and «’. This is the content of our next theorem.

THEOREM 3.4. Under the assumptions (1.3) and (3.1),

3.5) A=f0'p(u')2/fo'§u2

where u is any regular eigenfunction corresponding to the regular principal
eigenvalue A.

Proor. In Lemma 2.2 we showed that

12 1p
(.6) fop(u) < Afo 2

Let §(x) be a continuous positive function on (0,1) so that §(x) -0 as x -0
and as x - 1, and

2
f, > dx= ce.

o x(1 —x)
Then there exist sequences x, — 0, y, — 1 so that

3.7 lu’(xn)l < 8(x,,)/\/}; s |“’(.Yn)| < 8()’:1)/ V1i-y,.

For in the contrary case the finiteness of the left-hand integral in (3.6) would
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be violated. If we multiply Lu = —Au by u and integrate over [x,,y,] we get
n ’ ’ ’ n p
[P @Y = PO (Gau () = PO (xJu () + A [ 2,
Xy Xn

Letting x, —» 0, y, — 1, and taking account of the inequalities (1.10), (1.12)
and (3.7), we see that (3.5) is established.

As a final theorem in this section we shall give more information on the
operator determined by L acting on certain functions having zero Dirichlet
data on the boundary of [0,1]. Toward this end let L?(p/a) be the space of
(equivalence classes of) functions square integrable with respect to the
measure (p/a)dx on [0,1]. Let & be the collection of elements u in L%(p/a)
with the additional properties:

()u € C[0,1]]n C'(O,1);

(i) u(0) = u(l) = 0;

(iii) «’ is locally absolutely continuous in (0,1);

(iv) Lu € L¥(p/a).

Strictly speaking the elements of ¢ are equivalence classes each of which
contains a function satisfying the properties (i) through (iv). However, we
shall adopt the usual colloquial device of treating the elements of & as
functions.

THEOREM 3.5. The operator M = L|% is selfadjoint in L*(p/a) and has a
completely continuous inverse.

PrOOF. Let 7 > 0 and let ), be defined as above with p/a replaced by
p,/(a + m). Let f € L¥(p/a) and let u, be a solution in 9, to L u, = f, or,
what is the same thing, a solution to

(38) (Pyu) = Pof/ (a + m).

By the standard theory of elliptic ordinary differential operators such a

solution exists and is unique. Since the coefficients of L, are real, there is no

loss in generality in assuming that f is real, so that the solution u, is also real.
Using exactly the same technique as employed in the proof of Lemma 2.2

we may prove that for every e > 0,

1 N2 l l£ 2 1 P,, 2
(9 fop,,(u,.)<sfoaf+efoa+nu,,-
Arguing as in the proof of Lemma 1.2 we find that
ty (x)? 4y (x)°

x 1 2 1—x (!, 2
(3.10) a+n<3fo(“") e fo(u,,).

Thus,
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2
1 172 x P 1-x o2 1 N2
(.11) fo e <{f° a+fl/2 y }fo("».)—cfo(“»,)-
If we use this inequality in (3.9), noting that p, > C > 0 independent of 7,
0 < n < 1, we get, upon choosing ¢ sufficiently small, but fixed,

2
(3.12) 1 U o2 'p
j(; a+n+j;(u,,)<Cj; af.
From the fact that
(3.13) (a + n)uy = f— bu,

and from (3.12) we find that for every § > 0 there exists a constant C; > 0 so
that

1-8 ” 2 l£ 2
(.14) fa W) < q,fo =1

It follows from (3.12) and (3.14) that {u,} and {u} for 0 <75 <1 are
bounded equicontinuous sets of functions on [§,1 — 8}. Thus by the Arzela-
Ascoli theorem there exists a sequence {7, } so that

u, >u
(3.15) uniformly in [ 8,1 — 8].
u,'. -u
From (3.13) and (3.15) it follows that
(3.16) u, — u” uniformly in [8,1 - 8],
and, moreover,
3.17) Lu = f.

It follows from this, (3.10), (3.12) and (3.15) that u € 9. If v € D and
Lv = 0, it follows that v € C?%(0,1) so that by the maximum principle v = 0.
Thus the solution in ) to (3.17) is unique.

The inverse map to (3.17) given by Rf = u is well defined from L%(p/a) —
9. From (3.12), (3.15) and Fatou’s lemma it follows that R is bounded.
Actually R is the inverse of M = L|%. This is immediate since by the very
definition of R and %, R maps onto %) in a one-to-one manner.

The operator R is selfadjoint in L%p/a). To see this we first note that
Cs°(0,1) is dense in L*(p/a), and secondly, R, = M,"! is selfadjoint in
L’(p,, /(a + 1)) where M, = L,,IGD,,. Thus if f,g € C5°(0,1) we have by (3.15)

Ve=P _ .. (! Py . 1 - Py 1 — p
f g = tm [ R oy = im [ RE s = [ e

Since R is symmetric on a dense set, and bounded, it is selfadjoint. But
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M = R ~!so that M is selfadjoint in L%(p/a).

It remains to prove that R is compact. Let {f,,} be a bounded sequence in
L¥p/a) and u,, = Rf,. From (3.10) and (3.12) with u, replaced by u, and
a + 7 replaced by a we have

5 1
(3.18) fo u,f,g +j;-8u,f,-§- = o(1) as & - 0 independently of m.

Rellich’s compactness theorem taken in conjunction with (3.18) and (3.12),
with u, replaced by u,, a + 7 replaced by a, and f replaced by f,,, implies
there exists a subsequence of {u,} which converges in L%(p/a). The proof is
complete.

4. Asymptotic behavior. In this section we shall consider the elliptic operator
@.1) Lu=(e/2)au” + bu’ (e > 0).
We shall denote by A, the regular principal eigenvalue for this operator with
zero Dirichlet data at the boundary of [0,1]. Our object is to describe the
asymptotic behavior of A, as e >0 for a class of operators which include
those mentioned in the introduction.

In addition to the assumptions (1.3) and (3.1) on a(x) and b(x) we shall
require the additional assumptions:

by >0, b <O0;
“4.2) there exists an x € (0,1) such that b(x) > 0
ifx € (0,x)and b(x) < 0if x € (%,1).
Under these assumptions it is easily seen that all solutions x = x(f) of
dx/dt = b(x), 0 < x(0) < 1, remain in (0,1) and converge to £ as t — co.
For any absolutely continuous function ¢(¢), 0 < ¢ < T, define

(1)~ b(s(1)]°
a(¢(1))
Let ®&(x,T;a,) be the class of absolutely continuous functions defined on

[0,T] such that ¢(0) = x € (a,B), ¢(?) € (a,B) for all t € [0,T) and &(T) =
aor¢(T) = B.Forany0 < § <1 let

J; = inf{I(¢): ¢ € O(%,T;6,1 — §)},
J = inf{I; (¢): ¢ € B(£,T:0,1)).

43) n@=[ [

@4.4)

Notice that both ¢ and T are arbitrary.
In addition to the restrictions (1.3) on a, a’, 8 and 8’ we shall need

4.5) a<2B, o <28
THEOREM 4.1. Let the conditions (1.3), (3.1), (4.2) and (4.5) hold. Then
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4.6) —2¢elog\,»J ase—0.

ProOF. If ¢ < min(x,1 — X), then by Corollary 3.3 we have
@.7 A, < A(6,1 —0);
recall that A, (8,1 — 8) is the regular principal eigenvalue of the operator L,
with zero Dirichlet data on the boundary of [§,1 — §]. By hypothesis (4.2),
b(8) > 0, and b(1 — &) < 0. Since also a(x) > 0 on [§,]1 — §] we may apply
the second part of Theorem 1.1 of [3] to conclude that

(4.8) lim [—2elogA,(8,1 = 8)] > U
e—
We shall next show that
49) limJ; > J.
550

By the definition of J; there exists an absolutely continuous function ¢(f),

t €[0,T,), satisfying ¢(0) = X, § < (1) <1 —=06if 0 < t < Ty, ¢(Ty) = § or

&(Ty) =1— dand

(4.10) I, (¢) < Js + 6.

For definiteness suppose that ¢(7T) = 8. Extend ¢ to Ty < t < Ty + 1 by
() =8(To+1-n% p>1,

where p will be determined shortly. Clearly the extended function ¢ is

absolutely continuous. Since ¢(T, + 1) = 0 we have

@.11) J < Iy (9).

Now

+ a b 2
Ir°+| (¢) 17.o (¢) < szo 1 (4’( )) di+ 2fT° 1 (d)(t))

a(4(1)) T, a(e(1).
Substituting x = T, + 1 — ¢ we get
1§22 1 §2By2Bu
Ir 1 (9) — I, (¢) < C Rrtes dx+ Cf e

= Caz—aflxu(Z-u)—Z dx + C62ﬁ—aflxn(2ﬁ-a) dx,
0 0

where C is independent of §. Taking p > 1/(2 — «) we have
Ire1 (@) — Ir,(¢) < C§°, v =min(2 - a,28 - a),
where we have taken C as a generic constant, a practice which we shall
continue in the future. Using (4.10) and (4.11) in conjunction with this
inequality gives
Js > I —0-C8" >J-6-Cs"
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Inequality (4.9) follows from this. From (4.7), (4.8) and (4.9) we get
4.12) lim [ -2¢elog A,] > J.

e—0
If we can prove the reverse inequality with lim replaced by lim we shall
have established Theorem 4.1. Toward this end let y and n be positive
numbers, to be determined later, with 0 < 7 < y < min(%,1 — X). Let a,(x)
€ C(0,1) satisfying

[ a(x) « :
— (x+1) if x € (0,v/2),
(4.13)  a,(x) =1 “Lx))a’ (1=-x)+79¥ ifxe(-y/21),
‘ a(x) ifx € (y,1 — v),

and

(4.14)  la,(x) - a(x)] < Cn/y ifx €(y/2,y)orx € (1 = v,1 - v/2),
where C is independent of 7 and y for 0 < # < y. That such a function can
be constructed is easily seen. Indeed set a(x) = a(x)(1 + n/x)* if x € (0,v],
a(x) =a(x)(1 + n/(1 — x))* if x € [1 — v,1). Let x,,x, € C*[0,1] such
that x, =1 for x €(0,y/2) and x € (1 — y/2,1), x, =0 for x E(y,1 — y)
and x, + x, = 1.Seta, = x,d + x,a, so that if x € (v/2,y), say, then

|a,(x) = a(x)| = a(x)x:(x)|(1 + 1/x)" = 1

= aa(xX)x, (x)(n/x)(1 +v'/x)*"",  0<w <
If a<1, then (1+7/x*'<1, and if a>1, (1 +7/x"' <+
27/y)*~! < 3%~ The same type of considerations hold for x € (1 — y,1 —
v/2). Thus the existence of an a, satisfying (4.13) and (4.14) is established.
Let b, € C'(0,1) satisfying

P%Z (x + "T)B if x € (0,v/2),
@15 b(x) =] (Tb?(x}))T (1= x+n)" ifxe(-v/2),
| b(x) if [v,1 = v],

and
4.16) lb,,(x) - b(x)l < Cn/y ifx€(y/2,y)orx € (1 - v,1 - v/2),
where C is independent of y and » provided 0 < 9 < y. That such a function
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b, can be constructed follows the same reasoning as above.
Let us consider the eigenvalue problem

4.17) L,=(e/au” + by = —Au, u(0)=u(l)=1
Denote the principal eigenvalue for this problem by A". Since L,, is nonde-
generate in [0,1] and 5,(0) > 0 and b,(1) < 0 we may apply the first part of
Theorem 1.1 of [3] and conclude that
(4.18) lim [ —2elogA"] < J7,

e—0

where J7 is defined in the same way as J in (4.4) with the exception that a(x)
and b(x) are replaced by a,(x) and b, (x), respectively.

Let
x 2b (t)
Pa(x) = exp [ d
Then (4.17) is equivalent to
(4.19) (Po) = —A(2p,,/ea,)u, u(0)= u(l)=0.

Since the eigenvalue problem (4.19) is nondegenerate and selfadjoint the
principal eigenvalue A is determined by the variational formula

1 1 2p, w?
4. N = 2% -
(4.20) A Jgfo[fopm(w)/fo - ]
where w(0) = w(l) = 0.
Recall that we proved in §3 that the eigenvalue problem
(pY = =X(p,/eays, u(0) = u(l) =0,
has a solution w,(x) > 0in (0,1), where

x2b
pe(x) = exp j; ’;a- .

We normalize w, so that

1 2p,w?
(421) [ =gt =1
By Theorem 3.4 we have
1
@22) A= [ p(wy
0

If we use w, in the quotient on the right-hand side of (4.20) and use (4.21) we
should get a comparison between A and A,, at least for all sufficiently small
n. However, in order to do this we need a comparison between the integrals
involving the functions having an 7 subscript and the integrals involving the
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functions without an 7 subscript. We now proceed to develop this compari-
son.
If0<7< x < v,then

“23) Pal(%) < Kp.(1)
holds if and only if
424 K, 2y _ (2
( . ) e 2 exp JE ;;; —‘L ;;'.
Using (4.13) and (4.15) we find that
2b 14+8-a
Y/2 %% Cy )
exp[{) 8aﬂ]<Cexp —
expl [*22 | < Cex o
P 0 &a P € ’

Using (4.14), (4.16) and the fact that a(x) and b(x) are positive in [y/2,y] we
find
2b Cy'+B-a
Y n Y
exp[ f., s < Cexp " ,

for all sufficiently small n depending on vy, say 7 < 14(y). Also
1+8-a

Y 2b Cy
exp[j;/zm]<Cexp . .

Using these estimates in (4.24) we conclude that (4.23) holds if
(4.25) K, = Cexp(Cy'*#~%/e), n < mo(y)s

where C is a positive constant independent of # and y.
Next, taking 0 < x < y we have

2 x 2
(w,(x)) <( fo w,(1)] dt).
Hence, by (4.23)
pm(x)(w.(x>)’<[pm(x)‘/’ Lol dt]z
< K[ fo " p ()W (1) dt]z.

Applying the Cauchy-Schwarz inequality to the last integral and using (4.22)
we get
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4.26) Poy(X)(w, (%))’ < K,x fo “p (W< KA x.
Using (4.12) and the value of K, from (4.25) we get
4.27) pm(x)(w,(x))2< Ce /%%,  x € (0y),

provided y is chosen sufficiently small so that Cy!*#~* < J /4. Recall that
a < 1 + B so that this can be accomplished. From this it follows that

2P (x)(w.(x ¥
fy pm( )( ( )) dx < ge__]/@jwia dx < Ce—c/e’
0 ea,(x) € o X

where C and ¢ are positive constants independent of 7,y and e. Inequality
(4.28) holds provided vy is sufficiently small, but fixed, and 9 < 7¢(y). Simi-
larly one proves that the integrals

(4.28)

fl 2p,,w? fy 2pw? fl 2p¢_w,2
0

b
1-y &4, &a 1-y ¢€a

are bounded by the right-hand side of (4.28). Recalling the normalization
(4.21) and the fact that

Pey(X) = Po(x), a,(x) = a(x) forx € (v,1-7)
we conclude that

4.29 1 -
(4.29) \ A
Taking w = w, in (4.20) we get from (4.29)
1
(4.30) A" < (1 + Ce™¢/) fo Pey(W))?

for all sufficiently small ¢, independent of  and y. From (4.23) and (4.25) we
get

2 2
i < Ce™c/e,

ea,

1+8-a

[ paw< € exp( o) [T 00

A similar inequality holds when the integrals are taken over [1 — y,1]. Also,
since p,,(x) = p,(x) if x € [y,1 — y] we get from (4.22) and (4.30)

4.31) AT < A (1 + Ce™/*)C exp(Cy'*A~%/¢).

Using (4.18) we conclude from (4.31) that

4.32) lim [ -2elogA,] < Cy'*F=o + Jn.
e—0

This inequality holds for all y < y, and 7 < n((y), and C is a constant
independent of y and 7.
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By the definition of J there exists an absolutely continuous function
(1), t €[0,T], with $(0) = x and ¢(T) = 0, or ¢(T) = 1 such that
(4.33) Ir(¢)<J+y.
Let T, be the smallest ¢ for which either ¢(¢f) = y or ¢(¢) = 1 — y. Suppose
for definiteness that ¢(T,) = y. Let us set

, 2
1, [#°(1) = By(9(0)) ] @
a,(4(1))

(4.34) = fo

Extend ¢ to (T, T, + 1] by

o()=y(To+1-20" p>max(l,1/Q2 - a)).
The extended function is absolutely continuous and

, 2 , 2

fr.,+| [4’ (1) = by(¢(1) ] di< Zfroﬂ (¢ (f))2 N 2f1},+1 (B,(#(1))) .
T a,(4(1)) To  a,(¢(1)) To a,(#(1))

By computations similar to those which we have made between (4.11) and

(4.12) we obtain an upper bound for the right-hand side which is Cy?’,

v = min(2 — a,2f — a), provided 7 is sufficiently small, say n < 7,(y). Con-

sequently, recalling the definition of 77, from (4.34) we have

rost [#(0) = by(() ]’
a,(9(1))

Since ¢(0) = X, and ¢(T, + 1) =0, J" is smaller than or equal to the
left-hand side of (4.35). Hence, using (4.33) we get

JNS I+ Cy" < J+ v+ Cyh.

Using this inequality in (4.32) and noting that y can be arbitrarily small we
get

(4.35) fo dt< I3, + Cy".

lim [ -2elogA,] < J.

e—0
The proof of Theorem 4.1 is complete.
Let us now complement Theorem 4.1 by explicitly evaluating the constant
J.

THEOREM 4.2. The constant J in Theorem 4.1 is given by

i 4b i 4b
(4.36) J = min{f0 a—((tt)—) dr,fl 7;(%2 dt}.

PRrOOF. Let us set
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Jo(x) = inf{I(¢): ¢ € ®(x,T;0,1),(T) = 0},
Ji (x) = inf{I(9): ¢ € ®(x,T;0,1),6(T) = 1},
J(x) = inf{ I (3): ¢ € ®(x,T;0,1)}.

Clearly, these functionals do not change if we restrict the competing functions
¢(¢) to be monotone, and it is immediate that

J (x) = min{Jy (x),J, (x)}.

Further, it is clear that Jy(x) is a nondecreasing function of x, and J,(x) is a
nonincreasing function of x. It is also easy to see that Jo(x),J,(x) and J (x)
are Lipschitz continuous in (0,1).

Let Ey = {x: Jo(x) < J1(x)} and E; = {x: Jy(x) < Jo(x)}. E, and E, are
intervals and upon setting

xg=sup{x:x € Ey}, x,=inf{x:x € E|}

it follows that x, < x,. We claim that
.37) Jo(x) = J(x) = J;(x) = const for x €[ xp,x,].
Indeed if x > x,, then J(x) = J(x), and taking x}x, and using the continu-
ity of these functions, we get J(x,) = J,(x,). Next, if x < x,, by the defini-
tion of x, it follows that Jo(x) < J,(x) so that Jo(x) = J(x). By letting x}x,
we get Jo(x,) = J(x,) so that we have

(4.38) Jo(x1) = J(x)) = Jy (xy).
Similarly we arrive at the fact that
(4.39) Jo(x0) = J (x0) = Jy(x0)-

By the monotonicity of J, and J, we have
Jo(x0) < Jo(x) < Jo(x)),
x €[ xpx,].
Ji(x0) 2 Jy(x) > Jy(xy),
Hence,
min{Jo (xo), J; (x1)} < J(x) < min{Jy(x,),J; (x0)}-
Thus from (4.38) and (4.39) it follows that for x € [xq,x,],
J(x) = constant = J;(x), O0< k<1l

Using the monotonicity of J;(x) we get (4.37).
Let x > max{xy,x} so that J(x) = J,(x). For # > 0 so that x + h < 1,
upon setting

Dy(x,T) = {¢: ¢ € O(x,T;0,x + h), &(T) = x + h},
it is easily established that
J(x) = inf{I;(¢): ¢ € ®(x,T)} + J(x + h).
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Hence
J x+ h)—J(x)
(4.40) ( z = inf(I;(¢): ¢ € ®4(x.T)}.
If we choose ¢(f) = x + t, T = h, we see that
inf{Ir(¢): ¢ € ®4(x,T)} < Ch.
Thus for a fixed constant C,,
(4.41) inf{I;(¢): ¢ € Oy(x,T)} = inf{I($): ¢ € ®y(x,T), I+ (¢) < Coh}.
Take any ¢ in the right-hand side of (4.41) and write

(4.42) ¢ —b(9) =1,
so that [7f2 < Ch. Let
(443) §—b¥)=0, (0)=x.

Subtracting (4.43) from (4.42), multiplying the result by ¢ — ¢ and integrating
over [0,7] we get
2 d 2, (e d 2
- )< C -¢)+ <C - ¢)°+ Ch.
@- W@ <cfe-v+[r<cfo-9
Thus by Gronwall’s inequality
(4.44) (¢ — ¥)X(1) < Ce“h.
Suppose that T > h%2 for some 0, 0 < @ < 1. Then taking ¢ = h%/? and
noting that since x > %, y(¢) < x — Ch%2,C > 0, and ¢(r) > x,
Ch® <[o(1) — ¥(1)]’< Cexp(Ch®/?)h.
Clearly, this is impossible for all sufficiently small A. Thus for every 8,
0<8<1,T< h%? and we may write
inf(Ir(¢): ¢ € By(x,T)}
= inf{IT(¢): ¢ € ®,(x,T), I+ (¢) < Coh, T < h"/z}.
Suppose now that ¢ is an element of the right-hand side of (4.45). Then we

have a(x) — a(¢(?)) = O (h) and b(x) — b(¢(1)) = O (h), where O (h) is inde-
pendent of ¢. Thus for all sufficiently small h,

(4.45)

[6() - ()]
I(¢) = f G )x dr(1 + 0 (h))

r [$() = b@)][5(x) - b(s(1))]
+2f 2(6(1)

r [b(x) - b(e()) ]’
+f, a($(7))
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The last two terms on the right may be estimated by

[0 = 5EO)][6() ~ bo)] 7 [50) = bO)]
2, 2(6(0) “

1/2

-b 2
<21, (¢)1/2{fT [6(x) = b(e(1)] dt} = oy
0

a(¢(1))

where O (h*/2+%/%) is independent of ¢. Consequently,

a(1) - b
(446) 3 inf I (¢) =  int fo T[—a()—c)——-]—

For fixed T, it follows by the standard convexity argument in a Hilbert
space that the functional h~'[7[¢(f) — b(x)]*/a(x) dt takes on a minimum as
¢ ranges over all absolutely continuous functions on [0, 7] with ¢(0) = x,
&(T) = x + h. It may then be verified by using Euler’s equation that the
minimum is taken on when «i:(t) = A\ = constant; i.e., ¢(f) = x + At. Since
&(T) = x + h we must have T = h/A. Thus, to find the minimum as T varies
it is enough to minimize

(1+ O(h)) + O(R'/2+%/4),

2 2
Foy=1 [ [A-b] | _ [A-b(0)]

hJo a(x) a(x)A
over all A > 0. A calculation shows that the minimum is at A = — b(x), and
since x > %, b(x) < 0 so that A > 0. The minimum is —4b(x)/a(x). From

(4.46) it follows that

tim L ing 4b(x)
pim o inf I (¢) = = a(x) '
From (4.40) we conclude that
4.47) J'(x) = 4b(x)/a(x),

where J'(x) is the right derivative. Similar arguments show that (4.47) is also
valid for left derivatives and also when 0 < x < min(X%,x,).

We now have three cases to distinguish:

(i) xo < x; < X. By integrating (4.47) over [x,y] C (£,1), letting x| %, y11,
using the fact that J(y) -0 as y — 1 and the continuity of J at £ we get

J()E)=j;£-‘:—b.

(i) X < xy < x,. Again, by integrating over [x,y] C (0,%), letting x/0 and



528 ALLEN DEVINATZ AND AVNER FRIEDMAN

y1Xx, using the fact that J(x) — 0 as x — 0 and the continuity of J at £ we
have J (%) = [54b/a.

(iii) xo < X < x,. This case can be ruled out. Indeed, if X < x < x, then
by (4.47) we have J'(x) = 4b(x)/a(x) # 0 which contradicts (4.37).

Now, in case (i) we have

$4b _ (= 4b . 2y = [*4b
[ a2 [ e=Im=nm@>n@=s®=["7.

In case (ii) we have
$4b g (xdb _ = ey= gy = [
J 2 T =) = S > ) =T (9) = [T

Hence, in either case we have (4.36), and the theorem is proved.
REMARK. Most of the results of this paper extend to “essentially”
selfadjoint elliptic operators such as

Lu=ex(l - x)u, + (1 =y, + x(1 - x)(4 — x — ap)u,
(=M -y -axu, (0<A<1+a<2)

in a square Q = (0,1) X (0,1), where ¢ > 0. This is a selfadjoint operator with
respect to the measure
exp{A(x +y) — (x* + y?) — axp} b
x(1=x)y(1-y) '
The point (£,9) = (4/(1 + a),4/(1 + a)) is a stable equilibrium point for
dx/dt = b\(x.y), dy/dt=by(xy),

where
bi(xy)=x(1—-x)(4—-x—ay), by(xy)=y(l—y)(4-y— ax).
There exists a “principal” eigensolution (u,,A,) in the following sense:
Ly, = —\Nu, inQ,
u, =0 on dQ, in some generalized sense,

v s () e ()] o
u,>0 inQ;

further, if (v,p) is any other eigensolution, then p > A,.
Proceeding by the method of §4 one can prove that

—2elogA,»J ase—0

where
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o G- 0@) (b 0@
J=inf [ (=) e-9)

and ¢ varies over the class of absolutely continuous functions defined on
[0,T] such that ¢(0) = (X,y), ¢(¢) € Q for 1t €[0,T] and ¢(T) €9Q; T is
arbitrary.
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